An approximate recipe to the energy eigenvalues for the problem of non-relativistic hydrogen-like atom confined in a spherical cavity of impenetrable wall is presented. The method is based on proposing an ansatz solution with a cut-off function. The asymptotic behavior of the reduced Schrödinger equation is then considered for large and small . Some approximations are applied to deform some terms of the equation, which then allowed us to apply the Nikiforov-Uvarov method in both regions. A potential parameter is introduced that plays a crucial role in the calculations. In both cases, we obtained an algebraic equation for the energy, which then can be solved for the specific potential parameters.
Introduction
There is a considerable interest in the development of the idea of a quantum system confined by a spherical potential. When such a system is trapped within a microscopic cavity, or is subjected to a high pressure, its atomic energy spectrum changes substantially as compared to its free counterparts (Sen, Garza, Vargas, & Aquino, 2002; Xie, 2009) , and thus it is of considerable interest to investigate it. Historically, the idea of such confined quantum system was proposed by Michels, de Boer and Bijl (1937) to simulate the variation of the static dipole polarizability of a confined hydrogen atom under very high pressures. Since then, such systems attracted considerable attention, and became a popular topic. There are many other quantum systems that experience confinement, and, in general, these confinement phenomena, extended from quark systems to molecules, are described by certain potential models; see for examples (Al-Jamel & Widyan, 2012; Hall, Nasser, & Sen, 2011; Boroun & Abdolmalki, 2009; Hassanabadi & Rajabi, 2009; Zalewski, 1998; Ding, Li, & Shen, 1999) and many others.
One of the main obstacles in investigating such systems is the absence of the exact solutions of Schrödinger equation for such systems under Dirichlet-like boundary conditions on the wavefunctions imposed at the surface of the cavity, particularly for the cases where other than the s-wave are of interest. For such cases, there are some analytical and numerical approximation methods such as 1/ expansion (Bag, Panja, & Dutt, 1992) , supersymmetry (Morales, 2004) , Pekeris approximation (Pekeris, 1934) , variational methods (Montgomery, 2001 (Montgomery, , 2011 , and asymptotic iteration methods (Ciftci, Hall, & Saad, 2009) to obtain the energy eigenvalues and eigenfunctions with this type of boundary conditions. Another technique used to find exact solutions of quantum systems is the Nikiforov-Uvarov method (Nikiforov & Uvarov, 1988; Szego, 1975) , which is now used often but for non confined systems by many authors.For detailed applications and applicability of the Nikiforov-Uvarov method in quantum mechanics, the reader may refer to (Berkdemir, 2012) .
In the present paper, we attempt to obtain the energy spectrum of the problem of a tightly confined atom using Nikiforov-Uvarov method. In section 2, we review the Nikiforov-Uvarov (NU) technique. In section 3, we describe the problem, and the asymptotic form of the Schrödinger equation that allows us to apply the NU method. In section 4. results and discussion are given. In the last section, summary and conclusions are presented. In what follows, we adopt the the atomic (or Hartree) units ℏ = = = = 1, where and are the electron mass and charge, respectively.
Nikiforov-Uvarov Method
The Nikiforov-Uvarov method (hereafter, NU) has been used by many authors to find the energy eigenvalues and eigenfunctions of Schrödinger-like equation, for certain potentials of interest. It is based on finding a suitable coordinate transformation = ( ) to convert a general second order linear differential equation, with special orthogonal functions, into generalized hypergeometric equation of the main form (Nikiforov & Uvarov, 1988; Szego, 1975; Berkdemir, 2012) 
( 1 ) where ( ) and σ ( ) are polynomials, at most second−degree, and τ ( ) is a first−degree polynomial. With the following transformation
Equation (1) is reduced to an equation of hypergeometric type
where ( ) satisfies
and ( ) is the hypergeometric type function whose polynomial solutions can be generated by the Rodriguez formula
where is the normalization factor and is called the weight function and it satisfies the condition ( ) = .
( 6 ) The function and the parameter in this algorithm are defined as
and = + .
( 8 ) Here, ( ) is a polynomial with the parameter . The determination of plays a crucial role in the calculation of ( ). To determine the applicable values of , the expression under the square root in Equation (7) must be square of a polynomial. Hence, the following new eigenvalue equation for the Schrödinger equation will be established
where
) and it will have a negative derivative. By comparing Equation (8) with Equation (9), we obtain the energy eigenvalues.
Eigenvalues and Eigenfunctions
For concreteness, we restrict ourselves with the confined H-atom system. Consider a hydrogen-like atom that is enclosed in an impenetrable shell such as the nucleus resides at the center and its electron is subject to a potential that is infinite in all space except within a spherical cavity of radius
where is a constant. In prinicple , the system can also be of two-electrons confined within the cavity but with < 0. The radial Schrödinger equation for this system is www.ccsenet.org/apr Applied Physics Research Vol. 7, No. 5; 2015
subject to Dirichlet boundary condition ( ) = 0, where = ( + 1). We usually use the ansatz ( ) = ( ) for solving central problems. Here we propose instead an ansatz of the form
such as
which means that ( ) is vanishing faster that as approaching the origin. The factor (1 − ) is a cut-off function, which is included to ensure that the wave function satisfies the boundary condition. Substituting this into Equation (12) we obtain after some algebra that ( ) satisfies:
( 1 5 ) which can be re-casted on the form
where,
( 1 7 ) At this moment, we divide the cavity into two sub-regions: large r, and small r, and then consider the behavior of the solution in each sub-region. Our main goal here is to approximate ( ) by a quadratic function so that we can apply NU method.
Asymptotic Solution at Large r ( ~ )
At large r, closer to the shell, we apply an approximation scheme, similar to the so-called Pekeris approximation, on the two terms and . It is based on the expansion of such terms in a power series about some point within the cavity 0 < < up to the second order. This helps to deform the function ( ) so that it becomes quadratic in and thus the resulted differential equation can be treated by NU technique. Setting = ( + ), and around = 0 these two terms can be expanded into a power series as
Within this approximation, both sides of Equation (18) were plotted for some values of the parameters , , and , and then compared with the exact form, and it is found that the expansion is reasonable by controlling the value of ; see Figure 1 . This parameter plays a crucial rule in the calculations as we shall see in the discussion of the results. The function ( ) then becomes Therefore, Equation (17) becomes
For the NU-method, we have now, τ = −2 , = ( − ), σ = + + . Then
The constant is chosen such as the discriminant of function under the square is zero, Δ = ( − ) + 4( + ) − = 0. Therefore,
Thus, ( 4 0 ) can have negative values. Using Equation (8), then we have
On the other hand, from Equation (9) = 2 + 2 −( + ) + ( + 1) ( 4 2 )
Comparing Equation (41) and Equation (42), the following algebraic equation for energy at small is obtained + + (2 + 1) −( + ) = .
( 4 3 )
Results and Discussion
In this section, we employ the results of the above analysis to obtain the energy eigenvalues of the confined atom for certain values of and . To find the average total energy eigenvalues of the system, the results obtained from small distances and large distances are combined together < >= + ( 4 4 ) Figure 2 . The parameters and and the relation between them in terms of where is given from Equation (30) while is given from Equation (43). This may be understood as follows: The expectation value of the energy is:
< >= * + * ( 4 5 ) where is the separation surface between small region and large region. To apply the recipe described in this work, we firstly divide the cavity into two sub-regions 0, and , . Then we use Equation (30) to obtain the energy by using a suitable value for that fits Equation (18). The value of the separation radius can then be determined from = 2 − ; see Figure 2 . The values of and can be plugged in Equation (30) along with the other constants to determine , while is used in Equation (43) Vol. 7, No. 5; 2015 different values of . It should be mentioned that a special care of the choice of and potential parameters is demanded to obtain real energy spectra.
One of the interest quantities to calculate is the charge radius , which is the quadratic mean value of :
This quantity is related to the electric polarizability of the system. For a certain set of potential parameters, one can in principle obtain the NU functions needed to construct the wavefunction in both regions and then calculate various properties such as .
As an application, we consider the s-wave ( = 0, = 0) energy eigenvalue and charge radius. Taking = 1 and = 0.1, and with the fitting choise = 0.08 then = 0.06. Therefore using Equation (30) and Equation (43), we obtain < >= 105.1535 Hartrees, which is equivalent to 201.3070 Ry. The corresponding exact value is 937.986 Ry (Varshni, 1997) . The difference between the two results indicates that the intermediate region should be considered more carefully, which will be our proposal of future work.
Summary and Conclusions
In this paper, we describe a recipe to find the energy eigenvalues of a confined H-like atom for any -value and subject to the condition of confinement within a finite radius . An ansatz that takes into account the cut off at the surface is introduced. The obtained differential equation was solved by considering two regions: small and large . The UV method was then used to obtain expressions for the energy eigenvalues. The method may be extended to potentials that contains also linear and/or harmonic oscillator terms, and even to two-electron systems. We hope this method is of interest to the nanostructure and quantum dots community.
